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Abstract. We study the direct spectral transform for the heat equation, 
associated with the Kadomtsev-Petviashvili II equation. We show, that for 
real nonsingular exponentially decaying at infinity potentials the direct prob- 
lem is nonsingular for arbitrary large potentials. Earlier this statement was 
proved only for potentials, satisfying the "small norm" assumption. 

Introduction. The Kadomtsev-Petviashvili equation (KP) 



(u t - Quu x + u xxx ) x = -2a u. 



mi 



was historically the first equation with 2 spatial variables integrated by the 
inverse scattering transform (1ST) method (Druma, Zakharov-Shabat) |J, 



12]. The auxiliary linear operator, associated with KP reads as 

L = ad y — d 2 x + u(x,y). (1) 

Usually a 2 is assumed to be real. Without loss of generality we can 
assume that a 2 = ±1 so it is sufficient to consider the following two cases: 

1. a — i and we have KP I or unstable KP. 

2. a = 1 and we have KP II or stable KP. 



These two cases are essentially different from the analytical point of view. 
The scattering transform for KP I with a decaying at infinity potential was 
constructed by Manakov || in terms of the nonlocal Riemann problem. A 
more regular method for constructing such transform was suggested in M. 

1 This paper was partially fulfilled during the visit of the author to Lecce (Italy) in 
June-July 1995. This visit was a part of the INTASS cooperation program grant No 93- 
166. The author was also supported by Soros International Scientific Foundation grant 
MD 8000 and by the Russian Foundation for Fundamental Studies grant 95-01-00755. 
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The scattering transform for the KP II equation with a decaying at infinity 
potential was constructed by Ablowitz, Bar Yaakov and Fokas in terms 
of the so-called d problem. (Additional information and the technical details 
can be found in review paper ||). 

Remark 1 In our paper we do not plan to discuss the periodic theory of 
KP, developed by Krichever (see ffij, But we would like to point out 

that in the periodic theory the difference between KP I and KP II is also 
very essential. For example in j^J it was shown that the direct transform is 
well-defined for KP II and any periodic potential can be approximated by a 
finite-gap one, but for KPI these problems are still open. 

Remark 2 A new approach to the decaying at infinity theory, based on the 
resolvent technique was suggested in recent paper by Boiti, Pempinelli, Pogre- 
bkov and Polivanov /[|/. This approach can be extended to more general 
classes of potentials including for example, the one- dimensional solitons. 

The main technical tool used in the spectral theory of operators with 
decaying at infinity potentials is the Fredholm theory of integral equations. 
Consider the following equation 

{l + A)x = b (2) 

where A is an integral (compact) operator, b is a given vector in the Hilbert 
space and x is an unknown vector. If the operator norm of A is less then 1 
equation (^) is uniquely solvable 

x = (i - A + A 2 - A 3 + . . .) b, 

but if the norm of A is greater then 1 the situation is more complicated (see 
for example [TT|] ). 

Equation (0) has at least one solution if and only if the right-hand side b 
is orthogonal to the kernel of the adjoint equation 

< b, x* k >= for all x* k such that (1 + A*\ x* k = 0. (3) 

This property is called the Fredholm alternative. 
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In the scattering theory the norm of the integral operator can be estimated 
via the norm of the potential in the direct problem or via the norm of the 
scattering data in the inverse problem. Hence if these norms are sufficiently 
small the unique solvability of the integral equations of the scattering theory 
can be easily proved and we essentially simplify the situation. This case was 
studied absolutely strictly (see [|J). 

In general if the small norm assumption is not fulfilled, then the solu- 
tions of the integral equations have singularities for some special values of 
the spectral parameter and we have to introduce additional spectral data 
corresponding to these singular points. But fortunately there are some im- 
portant examples such that the unique solvability of the integral equations 
can be proved without the "small norm" assumption. 

One of such examples was found by S.P.Novikov and the author ||. Con- 
sider the inverse problem for the two-dimensional Schrodinger operator at a 
fixed negative energy or the inverse problem for the operator ([]]) with a = 1. 
The wave function is defined as a solution of the d equation. Assume that 
only the real Schrodinger operators without first order terms or only the heat 
operators with real potentials are considered. Then the scattering data sat- 
isfies some additional (rather simple) necessary and sufficient conditions. If 
these conditions are fulfilled, then the unique solvability of the d equation for 
arbitrary large data follows from the theory of the generalized analytic func- 
tions. Another important example is the solvability of the inverse problem 
for ([[]) with a = i and real u(x, y) proved by Zhou [|13[ . 

In our paper we show that the direct scattering transform for the heat 
operator 

L = d y - dl + u(x,y). 

with a real exponentially decaying at infinity potential is nonsingular without 
the "small norm" assumption. (This spectral problem corresponds to the 
KP II equation). It is very likely that the exponential decay rate is not too 
essential by it is not clear how to weaken this condition in our proof. 

The plan of our paper is the following. In the first section we recall the 
scheme of the scattering transform for the KP II equation. In the second 
section we assume that equations of the direct scattering have nonzero ho- 
mogeneous solutions and study the properties of these solutions. We show 
that these solutions have to satisfy some orthogonality conditions. In the 
third section we show that from these orthogonality conditions it follows 
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that these homogeneous solutions generate no singularities in the scattering 
transform. 

The author is grateful to the Department of Physics, University of Lecce 
for the hospitality. The author is also grateful to L.Bogdanov, M.Boiti, 
B.Konopelchenko and A.Pogrebkov for stimulating discussions. 

1 The scattering transform for the KP II equation. In our paper 
we study the heat operator 



L = d y -dl + u(x,y). 



(4) 



with a real smooth potential u(x, y). Denote by r the distance from the origin 
r = yjx 1 + y' 2 . We shall put on u(x,y) one of the following assumptions at 
infinity: 

Dl) u(x,y) decays at infinity faster than r -2 , i.e., there exist a constant 
e > and a collection of constants c mn such that 



d m+n u(x, y) 



dx m dy r ' 



< 



;i + r) 



2+£ 



for all m, n > 0. 



D2) u(x,y) belongs to the Schwartz class, i.e., there exist a constant e > 



and a collection of constants such that 



d m+n u(x, y) 



dx m dy n 



< 



l + r) 



2+k 



for all m,n,k > 0. 



D3) u(x, y) exponentially decays at infinity, i.e., there exist a constant e > 
and a collection of constants c mn such that 



d m+n u(x,y) 



dx m dy r 



for all rn, n > 0. 



The direct scattering transform suggested in (for more details see 
is the following: 

Let ty(\,x,y) be a solution of the heat equation 



L*{\,x,y) = 



(5) 
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and 

#(A, x, y) = e Xx+x2y X (\, x, y), x(A, x,y) = l + o(l) as x 2 + -> oo, (6) 

where A is a complex parameter. In our text we use the following agreement: 
the notation /(A), A G C does not mean that / is holomorphyc in A, i.e., we 
do not assume that Bf(X) = 0. 

It is convenient to introduce new variables: 

\r = ReA, Xi = ImA, z = x + 2Xy, z = x + 2Xy, 

dz= A; ( dy ~ 2Xdx ) ' d2 = ^h {dy ~ 2Xdx) • (7) 

Let 

L (A) = d y - d 2 x - 2Xd x = -AiXjd, - (d z + d- z ) 2 . 
The function x(X,x,y) satisfies the following equation: 

L (X)x(X, x, y) + u(x, y)x(X, x, y) = 0. (8) 

Let G(X, x, y) be the Green function of the operator L (A) 

L (X)G(X,x,y) = 5(x)5(y). 

The function G(X,x,y) reads as 

Equation (§) with the boundary condition (|6|) is equivalent to the following 
integral equation 

X(X, x,y) = l- G(X)u(x, y)x(X,x, y) (10) 
where G(X) denotes the integral operator 

G(X)f(X,x,y)= J jG(X,x-x',y-y')f(X,x\y')dx'dy'. 

The function G(X,x,y) is not holomorphyc in A but 

G(X,x,y) isgnA 7 
dX ~ ~ 2tt 
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Differentiating ( |TOD w.r.t. A we get 

* (A 'f' y) = -G(X)u(x, y) x(A 'f ' V) + T{\)e~ 2iXlx - MXlX ™, (11) 

OA OX 

where 

T(X) = ^f^6(A), 6(A) = / / u(x,y) X (X,x,y)e 2 ^ x+ ^ x -ydxdy. (12) 



From ( PH ) it follows that 

x(A,ac,y) 



T(A)xi(A,x,y), 



<9A 

where xi(A, X, 2/) is defined by the following integral equation 

Xi(X,x,y) = -G(\)u(x,y) X i(\,x,y) + e- 2a > x - 4a < x *y. 
From the symmetry properties of the Green function G(X, x, y) it follows that 
Xi(X,x,y) = e- 2iX ^ iX ^ X (\x,y). 

Finally we get 

*( A 'f y) = T(X)e~ 2lXlX - AiX ' XRy X (Xx,y) 
OX 

or, equivalently 

^- = T(A)*(A,x,y) 

The function 6(A) is the scattering data for the KP II equation. The potential 
u(x,y) is real if and only if 

6(A) = 6(A). (13) 

All calculations from this section are correct if the integral equation ([IT]) 
has an unique nonsingular solution for any A G C. The solvability of ( fL0|) is 
discussed below. 

We need also the adjoint equation to @ 

-d y -dl + u{x,y)] V*{X,x,y) = 
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where 

#*(A, x, y) = e" Aa; - A V(A, x, y), x*(A, x,y) = l + o(l) as x 2 + y 2 
Let 

Lq{X) = -d y - <9 2 + 2Xd x = Ai\jd- Z - (d z + d 2 f . 
The function x*(A, x, y) satisfies the following equation: 

L oWx*(^,x,y) + u(x,y)x*(X,x,y) = 0. 

The adjoint Green function reads as 

e i(px+qy)dpdq 



oo. 



G*(\,x,y) — - 2 - - 2 

47r z J J p z — %q + 2«Ap 

The function x*(A, x, y) satisfies the following integral equation 

X *(\,x,y) = l- G*(X)u(x, y)x*{\, y) (14) 

2 Homogeneous solutions of the direct scattering integral equa- 
tion. If the homogeneous part of ([10| ) 

x(A, x, y) = -G(X)u(x, y)x{\ x, y) (15) 

has no nonzero solutions for any A then the direct scattering transform is well 
defined (see for example Q). Assume now that equation has nonzero 
solutions for some A = A , u(x,y) is a real smooth function, decaying at 
infinity faster than r~ 2 (Dl decay condition from the section [I]). In this 
section we study the properties of such solutions. 

If \j = then ( |T0|) is a Volterra type equation, i.e., 

G(A, x,y) = for all y < 

and (n) has no nonzero solutions. Hence without loss of generality we may 
assume that Xj ^ 0. 

It is convenient to introduce a new function 

x(X,x,y) = e a ' x+2iX ^ X (Kx,y). 



7 



The corresponding Green function reads as 

1 f f e i(P x +<iv) dpdq 
G{\x,y) = — 2 j J p2 _ X 2 + t ( q _ 2XRp y 

The function x(A,x, ?/) satisfy the following integral equation 

X(X, x, y) = e iX ' x+2 ^y - G(X)u(x, y)x(X, x, y). 
The homogeneous equation reads as 

X(A, x, y) = -G(X)u(x, y)x(X, x, y) (16) 

The homogeneous equation (|l6j) is real and we have the obvious one-to-one 
correspondence between the solutions of (|1^) and (0). From the Fredholm 
theory it follows that the spaces of these solutions are finite-dimensional. Let 
Xi(A, x, y), . . . , x k (X, x, y) be a real basis of solutions of (|T6"D, Xi(^) x iU)i ■ ■ ■ > 
Xfe(A, x, y) be the corresponding solutions of (|T5|) . 



pansion as x 2 + y 2 — ► oo 



Lemma 1 The Green function G(X, x, y) has the following asymptotic ex- 

i sgn A/ 



G(X, x, y) = e ^ x+2iX ^y !l + f]\J- (d- z + 2d z + d^ l &. 



+ 



2-kz 

+ Complex conjugate terms (17) 

All the monomials in this expansion have the form c mn z m /z n n > 2m > 
0. Hence the operator d^d 2 is well defined 

1 2 z m n{n + l)z m+1 



d7 l di— 



z' L m+1 z n+2 
The proof of this Lemma is rather standard. 

Consider the following collection of eigenfunctions of Lq(X): 

(j) k (X,x,y) = e-^-f%er + **»\^ x ,4> k (\x,y) = e -^v d \e^ + ^ 



/x=X 



L (X)(j) k (X,x,y) = L (\)<j> k (\,x,y) = 0, 
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and the adjoint collection 



<t>t(\ x, y) = 0*(A, -x, -y), 4>* k {\, x, y) = 4> k (X, -x, -y), 

L*(X)<f>* k {X, x, y) = L* {\)4>* k {\, x, y) = 0, (18) 



Lemma 2 I) Let Xo(X,x,y) be a real nonzero solution of the homogeneous 
integral equation (UW, Xo(A,a?,y) = e~ lAia: ~ 2jA/AjiJ 'xo(A, x, y) be the corre- 
sponding solution of (WW. Then there are two possibilities: 



1. Either xo(^,x,y), Xo(A,a;,2/) are Schwartz functions in (x,y) , i.e., they 
decay at infinity faster than any degree of z. 



2. Or 



X (A, x, y) = e ^+MAxA«y c + e - lXlX . 2lXlXRy c + o / 1 v 



^ IfXo(\x,y) = O (p^j) ^en 

'«(A,»,»Mx.v)»(A,*,»)<W» = 



0fc(A, x, y)u(a: > y)xo(A, x, = /or k = 0, . . . , n. (19) 

Proof of Lemma |2|. To get the asymptotic expansion for x (A,x, y) as 
r^oowe substitute (|17D in the right hand side of (|16|) . Then we transform 
all monomials in the expansion of G(X, x — x', y — y') to the following form 



[z-z'Y 1 z m ( z'\ I z' I z' \ I z- 
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(z - z'Y z n \ z) 1 1 + z + \z ) + \z ) + ' 

Integrating the right-hand side of (|16D in x', y' we get some formal expansion 
of xo(X,x, y) and the coefficients of this expansion read as 

P mn (z, z)u(x, y)x (X,x } y)dxdy } 
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where P mn are some polynomials in z, z. Of course some of these integrals 
may diverge. 

First consider the terms of this expansion decaying as 1/z, then decaying 
as 1/z 2 , then as 1/z 3 and so on. In each order of decay rate we have only 
finite number of monomials. It is rather easy to check that the integrals 
representing the lowest order nonzero coefficients in this expansion converge 
and these terms give us the right asymptotics of Xo(X, x , y)- If & U coefficients 
are equal to zero all integral converges and the function xo{X-,x, y) decays 
faster than any degree of r. 

Assume now that at least one of the terms in the asymptotic expansion 
is nonzero. By definition (we use now that u(x,y) = o(l/z 2 ) as z — > oo) we 
have 

L (X)xo(X,x,y) = -4iA 7 <9 s - (d z + d 2 f x (A, x, y) = o (J^ \ xo(X,x,y). 

Thus the first nonvanishing coefficient in the asymptotics for Xo(X, x, y) con- 
tains no z. This completes the proof of the first part of Lemma |2|. 

Let n(X,x, y) be one of the functions <pl(X,x, y), (f>\(\,x,y) < k < n. 
By definition 

re(A, x, y)u(x, y)x Q (A, x, y)dxdy = 
k(A, x, y)L (A)xo(A, x, y)dxdy. 



Integrating by parts we get 



/ / Xo (A, x, y)Ll(X) K (X, x, y)dxdy + Boundary terms. 



If Xo(X,x,y) = O y-^+2j the boundary terms vanishes. Applying (|18|) we get 
the orthogonality property 1 = 0. Lemma |^ is proved. 

Lemma 3 Let ty(x,y) be a global real solution of the heat equation 

(d y -d 2 x +u(x,y))V(x,y) = (20) 

(u(x, y) is assumed to be a real smooth function defined in the whole plane). 

Denote by T> the open set of points (x,y) such that ty(x,y) ^ 0. Denote 
by T>j the arcwise connected components ofT>. 
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Assume that the component Vj is locally bounded in the x-direction, i.e., 
for any y\, y 2 the intersection of the set Vj with the strip y\ < y < y 2 is 
bounded. 

Then the set T>j is unbounded from below in the y -direction, i.e., there 
exists a path [0, oo) — > T>j, t — > (x(t),y(t)) such that 

dy(t) n , , 

— — < 0, y{t) — > — oo as t —>■ +00. 



Remark 3 In Lemma |3| the functions y) and u(x, y) are assumed to be 
real, smooth and defined for all (x,y), but they may grow arbitrary fast as 
r — > 00. 

Proof of Lemma Consider the following function 

J{y)= J ^ 2 (x,y)dx 
C(y) 

where C(y) denotes the intersection of T>j with the line y = const. The 
function ty 2 (x, y) vanishes on the boundary of T>j. Hence 



9J(y) _ 

dy 

C(y) 



y)d y ^/(x, y)dx 



(the terms arousing from differentiation by the position of the boundaries of 
C(y) are equal to 0). From (|^) it follows that 

^M = - J u{x,y)V 2 {x,y)dx+ J $>(x,y)d 2 x V(x,y)dx. 

V C(y) C(y) 

The function y) vanishes on the boundary of T>j. Hence integrating by 
parts we get 

— — = - / u(x,y)^I 2 (x,y)dx- / (d x ^(x, y)) 2 dx < 2J(y) max \u(x, y)\ . 

Oil J J x&C(y) 

C(y) C(y) 

For any y < y such that J(yo) > we have the following estimate 

J(y) > e Cy > v ^ v ~ vo) J(y ) > 0, where c yjVo = 2 max \u(x,y)\ . 

x€C(y),y<y<y 
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Thus if C(yo) is not empty then C(y) is not empty for any y < y . This 
completes the proof. 

Now we are ready to prove: 

Theorem 1 Let Xo(A, be a real nonzero solution of the homogeneous 
integral equation ([7^) where u(x,y) is a real smooth function decaying at 
infinity faster then r~ 2 (Dl decay condition). Then 

1. Xo{^, x ,y) decays at infinity faster than any degree ofr, i.e., belongs to 
the Schwartz class. 

2. The function u(x, y)xo(A, x, y) is orthogonal to the functions 0£(A, x, y), 
4>* k (X,x,y) for all k > 

0fe(A, x, y)u(x, y)xo(A, x, y)dxdy = 

(j)* k (X, x, y)u(x, y)xo(A, x, y)dxdy = 0. (21) 

Proof of Theorem [I]. Without loss of generality we can assume that the 
functions 

Xo(A, x, y) = e^* +2lX ' x »y X o(X,x, y), %(X, x, y) = e A * +A ^ X o(A, x, y) 

are real. The zeroes of x (\,x,y) coincide with the zeroes of ^ (\,x,y), 
^o(\,x,y) is a global solution of ([2~0|). Thus the zeroes of Xo(^, x ,y) have 
the properties formulated in Lemma 

By Lemma § if the function xo(\,x,y) is not from the Schwartz class 
then the leading term of Xo(A, x, y) reads as 

Xo(A, x, y) ~ e ^ix+^i^y^L + e -*A/*-*A/ARV JL ( 2 2) 



It is easy to check that fl2"2"|) approximate Xo(A, x, y) with the first derivative. 
The zeroes of the leading term are non-degenerate hence they approximate 
the zeroes of xo(X,x, y) for sufficiently large z. Let C be a sufficiently big 
circle. 
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N + 2n domains 




Fig 1. 



Let us draw the zeroes of Xo(\,x,y) outside C . Consider the set of do- 
mains T>j intersecting the circle C (the domains T>j were defined in Lemma |3|). 
Let N be the number of such domains coming from the direction y — — oo. 
Elementary analysis of (|22|) shows that the number of domains coming from 
y = +00 and intersecting C is equal to iV + 2n. Hence at least one of the 
domains coming from y = +00 vanishes as y — > —00. But by Lemma [3] it 
is impossible. Thus assuming that xq(A,:e, y) has nonvanishing terms in the 
asymptotic expansion we get a contradiction. Comparing this result with 
Lemma |2| we complete the proof. 

3 Regularity of the direct spectral transform. Assume now that 
u(x, y) is a real smooth potential decaying at infinity faster then any degree 
of r (D2 decay condition). 

Let us call a point A regular if for A = A the homogeneous integral 



equation fll5|) has no nonzero solutions. Otherwise the point Ao will be called 
irregular. The aim of this section is to study the properties of the wave 
function ty(\,x, y) at irregular points. 

In section |2| we defined the functions 0fc(A, x, y), 0fe(A, x, y) for k > 0. Let 
us define the following formal series 



h (A,a;,y) = |l + X;[ i i- (d- z + 2d z + d^d] 



k=l 



4>k{\x,y) 



'2iXjx—4i\[Xny 



<f) k (\,x,y), 



x, y) = fc (A, -x, -y), <p* k (\, x, y) = fc (A, -x, -y). 



(23) 
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For k > these series contain only finite number of nonzero terms and 
coincide with (IH 



Theorem 2 Let u(x, y) be a real smooth potential, decaying at infinity faster 
then any degree ofr, Oq,. • • ,a n , b ,. . . ,b n be arbitrary constants. Then for any 
X the following integral equation 

n 

X(A, x, y) = J2 ( a k4>k{X, x, y) + b k cj) k (\, x, y)J - G(X)u{x, y)x(A, x, y) (24) 

k=0 

has at least one nonsingular solution with the following asymptotics as z — > 
oo: 

n 

x(>^,x,y)= ( a k<i>k(\x,y) + h<i>k{\x,y)) ■ 

k=—oo 

The coefficients a k , b k with k < are uniquely defined by the coefficents a k , 
b k with k > 0. 

Proof of Theorem 0. If A is a regular point then this statement is abso- 



lutely standard (see for example |J]). If A is an irregular point then (p4|) has 



at least one nonsingular solution if and only if the non-homogeneous part is 



orthogonal to the kernel of the adjoint equation (see for example |L1|). By 
definition the adjoint equation to the integral equation flT5| ) reads as 

f(X,x,y) = -u(x,y)G(X)f(X,x,y) (25) 

(we use here (ALT)* = B*A*). The basis of solutions of (^) is formed by 
the functions u(x,y)xt(X,x,y), u(x,y)x* k (X,x,y) where )&(\,x,y), 
X* k (X,x, y) is some basis of solutions of the homogeneous part of ( |14"D 

X*(K%,y) = -G*(X)u(x,y)x*(X,x,y). 

Thus we have the following orthogonality conditions: 

0fc(A, x, y)u(x, y)x* k (X,x, y)dxdy = 

MX, x, y)u(x, y)Xfc(A, x, y)dxdy = 0. (26) 

Conditions (|26|) are adjoint to the orthogonality conditions (|19D from Theo- 
rem ^] and can be proved absolutely in the same way. 
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The function u(x, y) vanishes at infinity faster then any degree of r. Then 
asymptotically for any iV > we have 

L (X)x(X,x iy ) = o(z- N ). (27) 

Using the same approach as Lemma |2| we can construct asymptotic expan- 
sion for x(A,x, y). Substituting this expansion in (|27|) we obtain that the 
asymptotics is formed by linear combinations of 4>k(\,x,y), ^{\x,y). 

By Theorem [I] if A is an irregular point then all homogeneous solutions 
decay at infinity faster then any degree of z; hence they do not affect the 
asymptotic expansion. Theorem [| is proved. 

Remark 4 Theorem ^ says that for any X we have at least one solution of 
ftEft). But we have not proved that these solutions are continuous in X. This 
question needs a more detailed analysis. 

Let Ao be an irregular point. By Theorem |2] the direct scattering equation 
(H) has at least one solution with the asymptotics (H) at the point Ao- Our 
next step is to construct a formal solution of (||) in the neighborhood of Ao- 
Consider the following formal series in (A — A ), (A — A ) 

*{\,x, V ) = e^y £ (A-Aor(A-A r 

mini 

m,n>0 

where the functions ip m n(x,y) are defined by the following properties: 

1. All ip mn {x,y) satisfy (H) with A = A . 

2. ?pmn(x,y) are smooth in x, y and 

max(m,n) max(m,ri) 

i> mn (x,y)= E crM^o,x,y)+ £ dT0*(A o , x, y) (29) 

k=— oo k=— oo 

as z — > oo. 

3. In all orders of perturbation theory in (A — Ao), (A — Ao) the asymptotic 
condition (|) is fulfilled. 
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The last property needs some explanations. Substituting (p5|) to (^8|) we 

get 

#(A, x, y) = e^+^Q^X, x, y) + e x ° x+x o y ^ 2 (X, x, y) 



where 



max(m,n) / ^ \m/\ \ \n 



,, , m!n! 

m,n>0 fe=— oo 



max(m,n) / , , \ \n 

**(A, x,y)= E E C J ° } ,V ° } UMM) 



m,n>0 k=-oo TTl.Tl. 



Let 

E{X,x,y) = e^-^+^-^Q^x^), 
5(A, x, y) = e (Ao - A)a;+(A o- X2)s/ $ 2 (A, x, y) 
Expanding the exponents in (A — Ao), (A — Ao) we get some formal series 

i - > / a \ ~ ^o) m (X — \ Q ) n , . 

^(A,x,y)= 2^ n Un(^2/J 

^ n mini 

m,n>0 

\ — ^o) m (A — A ) n r , . 

^ n mini 

The functions £ mn (x,y), £ mn (x,y) are some asymptotic Laurent series in 
z, z. The property 3) means the following: 

£mnO, y) = 5 m0 5 n0 + o(l),£ mn (x, y) = o(l) as 2 -> 00. (30) 



Theorem 3 Let u(x, y) be a real smooth potential, decaying at infinity faster 
then any degree of r, X = Xq be an irregular point. Then 

1. The equation of direct scattering has at least one formal solution 
j[2t\ ) with the properties l)-3). 



2. The functions ip mn {x,y) are defined uniquely up to adding arbitrary 
solutions of the homogeneous equation (jTT 
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3. The constants c k nn , d™ n are uniquely determined by the properties 1)- 
3). 

4- The "scattering data" 6(A) is uniquely defined as a formal Taylor series 
in (A - A ), (A - A ). 

Proof of Theorem ^. Suppose c™ n , d™ n are arbitrary constants such 
that c™ n = d™ n = for k > max(m, n). Then the formal series H(A, x, y), 
E(X,x,y) are well-defined in all orders of (A — A ), (A — A ) and satisfy 

[L (X )-2(X-X )d x }E(X,x,y) = 0, [L (X )-2(X-X )d x ]E(X, x, y) = 0. (31) 

By Theorem ^| for any m, n and arbitrary c™ n , d™ n < k < max(m, n) 
we have at least one solution of (El). This solutions is defined up to adding 



arbitrary solutions of the homogeneous equation (fLop, the constants c™ n , d™ n 



with k < are uniquely defined. Hence to prove the theorem it is sufficient 
to show the existence of an unique collection of c™ n , d™ n , k > such that 
the property 3) is fulfilled. 

We calculate these constants by induction. Putting A = Ao we get Cg° = 1, 
g?q° = 0. Assume that for some I we know all coefficients c™ n , d™ n with 
m + n < I. Consider the function £ mn (x, y), m + n = I. By 

L (X )C n (x,y) - 2md x C~ ln (x,y) = 0. 



d x C (x,y) = o(l) as z -> oo. 



By© 
Hence 



max(m.n) 

L (X )C n (x,y) = o(l), C n (x,y)= E vrM^,x,y) + o(l). 

k=0 

From the definition of H(A, x, y) it follows that 

max(m,n) 

r n (x,y) = F(X,x,y,cr,dr)+ E crM*o,x,y) + o(l), 

k=0 

where -F(A, x, y, c™ n , d™ n ) is a linear function of c™ n , d™ n with m + n < I. 
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Thus there exists an unique collection of c™ n , < k < max(m, n) such 
that (, mn (x,y) = o(l). Similar analysis of E(A, x, y) gives us the coefficients 
d™ n , m + n=l. 

To define 6(A) consider the asymptotic expansion of *ff(\,x,y) for large 
x, y 



e Xx+\ 2 y 


H 


-^ + ..." 


_|_ e \x+\ 2 y 








2; 




z 



The function 6(A) is defined by (|I2D . Integrating (^2j) by parts we get 
T(A) = gU(A),6(A) = 27risgnA J GL 1 (A). 



At the previous step of the proof we have defined the function cLi(A) as a 
formal series in (A — Ao), (A — Ao). Thus 6(A) is uniquely defined as a formal 
series. This completes the proof. 

Unfortunately the results of Theorem |3] are not sufficient to prove that the 
scattering data 6(A) is a nonsingular function because the series of pertur- 
bation theory may diverge. Assume now that the potential u(x,y) decay at 
infinity exponentially (D3 condition). Then the scattering data 6(A) is a ratio 
of two analytic functions of two real variables Xr, A/. For the Schrodinger 
operator the proof of analyticity can be found in HlOU , the scheme of this 
proof can also be applied to the heat operator without serious modifications. 
Thus if u(x, y) exponentially decays at infinity then the series of perturbation 
theory for 6(A) converges and from Theorem |3] it follows that the functions 
6(A) and *$f(\,x,y) are regular in A. Let us recall that for nonsingular spec- 
tral data with the reality constraint ( pT3|) the corresponding potential and the 
wave function \l/(A,x, y) are uniquely defined by (A) without the small norm 
assumption. Hence we have proved the main result of the paper: 

Theorem 4 Let u(x, y) be a real smooth potential, exponentially decaying at 
infinity (D3 condition), L be the heat operator (fj^) associated with the KP II 
equation. Then the direct spectral transform for L described in section [I] is 
nonsingular for arbitrary large u(x,y). 



Remark 5 The scattering transform for the heat operator can be obtained 
by an appropriate limiting procedure from the scattering transform for the 
two-dimensional Schrodinger operator at a fixed negative energy studied in 



18 



J3/. These two scattering problems look rather similar. But now is is clear 
that these two problems are essentially different at least in one aspect. In the 
theory of the Schrddinger operator with real decaying at infinity potential if 
our fixed energy level is located above the ground state then we always have 
singularities in the spectral transform. It is not clear now how to pose the 
inverse scattering problem for the singular scattering data (some preliminary 
results can be found in f^J). Thus in some sense the scattering transform for 
the heat operator is simpler (at least for sufficiently fast decaying potentials) . 
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